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Kane fermion is the counterpart of the Dirac fermion with pseudospin-1. Due to the existence
of a bunch of gapless modes associated with Landau levels, the magnetic transport property of
Kane fermion gas is very different from that of the Dirac semimetal. We calculate the magneto-
optical conductance of the Kane fermion gas. We find that these gapless modes will contribute to a
series of resonant peaks in low frequencies. We find that these peaks can explain the low frequency
absorbance spectrum in a recent experiment for the Kane fermion material Hg1−x CdxTe.
I. INTRODUCTION
The discoveries of Weyl and Dirac semimetals [1–7]
open a gate to observe new topological phenomena in
condensed matter systems, such as the Fermi arcs, gi-
ant negative magneto-resistance, and three dimensional
quantum anomalous Hall effect [8]. These exotic prop-
erties are rooted from the non-trivial Berry’s phase of
the Weyl nodes in spectrum: The linearly touched Weyl
nodes serve as monopoles of the Berry’s curvature [1, 9].
One of the evidences of linear band touching structure of
Weyl and Dirac semimetals comes from the measurement
of its magneto-optical conductance, i.e., the resonant fre-
quency peaks between the extrema of Landau levels are
proportional to the square root of the external magnetic
field [10–12].
Besides the Weyl and Dirac semimetals, new kinds of
fermions have been proposed and observed in condensed
matter systems [13–17]. The triply degenerate node in
the band structure of MoP is an example that does not
have an analog in high energy systems [18]. Such a
fermionic quasiparticle emerges because these ”relativis-
tic” quasiparticles in condensed matter systems are not
confined by the ”Lorentz symmetry”. A more interest-
ing triply degenerate fermion might be the photon-like
fermions, the pseudospin-1 generalization of Dirac and
Weyl fermions. The former is known as Kane fermion
and has been recently experimentally observed in Hg1−x
CdxTe [13] and Cd3As2 [14]. The latter is the spinless
courterparter of the Kane fermion and is proposed to ex-
ist in materials with space group 199 and 214, such as
Pd3Bi2S2 and Ag3Se2Au [16]. Recently, APd3(A=Pb,
Sn) [19], LaPtBi [20], and ZrTe [21] are also proposed to
have triple nodal points. More possible materials would
be found by the method of symmetry indicators [22–24].
As well known, a stable Dirac node against the per-
turbation needs to be protected by an extra symmetry
[25, 26]. However, in theoretical study, a gapless Dirac
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equation can be decomposed into two decoupled Weyl
equations with opposite chirality. Similarly, a gapless
Kane fermion can be decomposed into two three compo-
nent photon-like fermions. Furthermore, we will see that
due to a quasi-one dimensional particle-hole symmetry
of the gapless Kane fermion model, the magneto-optical
conductance of the gapless Kane fermion gas is simply
twice as that of the photon-like gas. Therefore, we focus
first on the photon-like fermion.
Although the topological properties of the photon-like
fermion are similar to those of Weyl fermion, e.g., the
monopole charge of the photon-like fermion is twice as
large as that of the Weyl fermion, there is a longitudinal
photon-like flat band in a free photon-like fermion gas
which is absent in Weyl semimetal. After applying an
external magnetic field, this flat band becomes a bunch
of gapless modes in Landau levels, and they generate
anomalous magnetic transport properties for the photon-
like fermion gas. The anomalous magnetic resistance and
extra quantum oscillation of the density of states of the
photon-like fermion gas were studied [27].
The magneto-optical measurement is another physical
observable, and explores the effects of the Landau levels,
both the ordinary gapped Landau levels and the extra
gapless ones. In this paper, we will study the magneto-
optical conductance of Kane fermion gas. We first cal-
culate the magneto-optical conductance contributed by
a single photon-like fermion node. We find that there
are intriguing resonant peaks near the zero frequency in
the magneto-optical conductance. These peaks are orig-
inated from the transition between the gapless Landau
modes. Furthermore, the peaks stemming from the res-
onance between the gapless Landau modes and the ordi-
nary gapped ones will split, and the splitting is propor-
tional to the band width of the gapless modes, which
won’t show up if the gapless Landau modes are ex-
actly flat. Because of an emergent quasi-one dimensional
particle-hole symmetry of the Hamiltonian, the contri-
bution to the magneto-conductance from the photon-like
fermion node with opposite chirality is the same as its
chiral partner’s. Therefore, the magneto-optical conduc-
tance in the Kane fermion gas can be obtained by totting-
up that from each single photon-like fermion node. We
2also discuss the linear dependence between the resonant
frequency ω and the square root external magnetic field
B, which indicates the linear dispersion behavior of the
gapless Landau modes.
The Kane fermion, has been recently experimentally
observed in Hg1−x CdxTe [13]. The experimentally mea-
sured high frequency magneto-optical resonance is consis-
tent with the characteristic of the massless Kane fermion.
Recent experiment confirms these magneto-optical sig-
nature of massless Kane fermions in Cd3As2 [14]. Nu-
merically, the magneto-optics of the Kane fermion was
studied [28, 29]. However, for the gapless Kane fermion,
the contributions from the gapless Landau modes to the
magneto-optical conductance were not considered in the
numerical calculations. Experimentally, the measure-
ment for Cd3As2 does reach that low frequency while
the data for Hg1−x CdxTe was well explained. On the
other hand, as we have mentioned, the magneto-optical
conductance of the gapless Kane fermion gas is double
as that of the photon-like gas. Thus, our study can be
directly applied to the gapless Kane fermion. Especially,
we compare our calculation for the magneto-optical con-
ductance near the zero frequency with the data for Hg1−x
CdxTe in [13] and give a reasonable explanation to the
low frequency peaks in the magneto-optical absorbance.
This paper was organized as follows: In Sec. II, we
calculate the magneto-optical conductance of the photon-
like fermion gas. We also show the dependence of chem-
ical potential and temperature of the magneto-optical
conductance. In Sec. III, We study the gapless Kane
fermion model and compare the numerical results with
experimental data. The effect of weak disorder on the
low energy states of the Kane fermion is also discussed
In Sec. IV, we introduce a quadratic correction term
to the spectrum of the photon-like fermion as well as the
magneto-optical conductance. The last section is devoted
to conclusions.
II. MAGNETO-OPTICAL CONDUCTANCE OF
PHOTON-LIKE FERMION GAS
A. Single photon-like fermion node
Under a magnetic field B = ∇ × A = −Bzˆ in
the z direction, the momentum operator is given by
D = −i~∇ + ecA. The Hamiltonian near the photon-
like fermion node reads [27]
HB = ~vF

 pz a
†/lB 0
a/lB 0 a
†/lB
0 a/lB −pz

 , (1)
with the Fermi velocity vF , the Bloch wave vector pi,
the annihilation operator of Landau levels a = lB(Dx +
iDy)/
√
2, and the magnetic length lB =
√
~/eB [13].
In usual materials, the Fermi velocity is of the order
106m/s, the strength of the magnetic field is of the or-
der of 10T , therefore the magnetic length lB ∼ 10−8m.
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FIG. 1: (color online) A sketch diagram of Landau Level
structure for photon-like fermion. We choose lB = 1 in Eq.
(1). The green curves are the chiral lowest Landau level and
the gapless ones, the blue curves are the 1st Landau level and
the gapped ones with positive energies, and the red curves
are the 1st Landau level and the gapped ones with negative
energies. The black lines correspond to the chemical potential
used in Fig. 2(a).
The gap between adjacent Landau levels is of the or-
der v¯F /lB ∼ 100meV , which is experimentally accessible
for magneto-optical measurements [13]. For later conve-
nience, we choose ~ = kB = vF = e = 1 except explicitly
shown. The eigen wave function Ψ(n) for the nth Landau
level has the form (αnφn, βn−1φn−1, γn−2φn−2)
T , where
φn is the nth normalized Landau level wave function with
respect to a†a and α, β, γ are the coefficients. There are
two special cases. (φ0, 0, 0)
T and (α1φ1, β0φ0, 0)
T corre-
spond to the zeroth and the first Landau levels. We plot
several Landau level structures in Fig. 1.
The zeroth and the first Landau levels have the dis-
persions E0 = ~vF pz, and E1 = ~vF pz ±
√
p2z + 4B/l
2
B.
The robustness of these two Landau levels is guaranteed
by the chiral anomaly. For the Landau level with n ≥ 2,
there are three eigenvalues [27]
E+n = ~vF [(pz/2 +
√
∆)
1
3 + (pz/2−
√
∆)
1
3 ],
E−n = ~vF [ω+(pz/2 +
√
∆)
1
3 + ω−(pz/2−
√
∆)
1
3 ],(2)
E0n = ~vF [ω−(pz/2 +
√
∆)
1
3 + ω+(pz/2−
√
∆)
1
3 ],
where ω± = (−1 ±
√
3i)/2 and ∆ = p2z/4 − ((2n − 1) ∗
l2B + p
2
z)
3/27. Since ∆ < 0, E∗n = En, namely, all the
3energies (2) are real. In the pz → 0 limit,
E±n → ±~vF l−1B
√
2n− 1, (3)
and E0n = 0 which reduce to the two dimensional results
[30].
E±n can be thought as a pseudo-spin 1 counterpart of
the Landau levels of Weyl fermion while E0n emerge from
the zero field flat band when the external magnetic field
is applied. These modes are absent for Weyl fermion [27].
For a small pz, E
0
n → −~vF pz2n−1 and when |pz| → ∞, E0n →
0. These behaviors suggest that the E0n>1(pz) are gapless
modes near pz = 0 associated with the Landau level n >
1 (shorten as the gapless Landau modes). Near pz = 0,
these gapless Landau modes have opposite chirality to
that of the zeroth Landau level (see Fig. 1).
In a previous work, we studied the magnetic transport
properties and the quantum oscillations of the density
of states of the photon-like fermion gas, especially, the
effects of the gapless Landau modes [27]. The magneto-
optical measurement is another possible way to explore
the Landau level physics as well as the novel gapless
modes of the photon-like fermion gas. Using the Kubo
formula, we define the magneto-optical current
Jα = σαβEβ , (4)
where the magneto-optical conductivity tensor in the
Landau level representation is given by [31],
σαβ(ω) =
−i
2πl2B
∑
n,n′,s,s′
∫
dpz
2π
f(Esn)− f(Es
′
n′)
Esn − Es′n′
×〈Ψns|jα|Ψn′s′〉〈Ψns|jβ |Ψn′s′〉
ω + Ens − En′s′ + i0+ , (5)
where
f(Ens) =
1
exp(Ens−µT ) + 1
, (6)
is the Fermi distribution. n is the Landau level index.
s = 0,± are the band indices. Furthermore, the current
matrices are jα = ∂H/∂pα, namely,
jx =
1√
2

 0 1 01 0 1
0 1 0

 , jy = 1√
2

 0 −i 0i 0 −i
0 i 0

 . (7)
The expressions of the currents jx and jy gives the selec-
tion rule n→ n±1 for a given nth Landau level. We plot
the absorptive part of the magneto-optical conductance,
namely, the real part of σxx/yy and the imaginary part
of σxy in Fig. 2. In the numerical calculation, we re-
place the delta function by a Gaussian distribution with
a standard deviation of σ = 0.01.
In terms of the numerical calculation, we notice that
the resonant frequencies in Reσxx/yy and Imσxy ap-
pear as extrema of differences between the Landau lev-
els respecting the selection rules in the high tempera-
ture regime (see Fig. 2(a) and 2(b)). While in the low
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FIG. 2: (color online) Magneto-optical conductivity of the
phone-like fermion. (a) is the real part of σxx with µ = 0.5/lB ,
µ = 1.5/lB and µ = 2.5/lB respectively. (b) is the imaginary
part of σxy with µ = 0.5/lB , µ = 1.0/lB and µ = 1.5/lB
respectively.
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FIG. 3: (color online) The dependence on temperature and
chemical potential of the real part of σxx are plotted in (a)
with T = 0.3/lB , µ = 0.01/lB , (b) with T = 0.3/lB , µ =
0.2/lB , (c) with T = 0.0015/lB , µ = 0.01/lB , and (d) with
T = 0.0015/lB , µ = 0.2/lB . The origin of each peak is also
shown.
4temperature regime, the peaks appear as the difference
between the Landau levels near pz = 0 because of the
strong suppression by the Fermi-Dirac distribution func-
tion (see Fig. 3(c) and 3(d)). Take the curve in Fig
3(a) as an example in the numerical calculation where
T = 0.3/lB and µ = 0.01/lB (for B ∼ 10T , T ∼ 300K).
We consider the contributions from the 0-th Landau level
to the 5-th one. In this case, there are 10 peaks in the di-
agram counting from the zero frequency. The first peak
near the zero frequency stems from E4,0 ↔ E5,0 and
E3,0 ↔ E4,0, where the notation “E4,0 ↔ E5,0” stands
for the transition between the E4,0 and E5,0 bands. Actu-
ally there are two peaks, but their energy differences are
too small to be identified. The second peak from the zero
frequency stems from E2,0 ↔ E3,0 bands. If we take more
bands into account, there will be almost continuous ab-
sorbing frequencies near zero frequency, which indicates
the existence of the En,0 bands, and the differences of
the extrema of their energies are small. The 3-rd, and 4-
th peaks around ω = 0.4/lB come from E4,± ↔ E3,±,
and E3,± ↔ E2,± bands, similar to the case of ordi-
nary gapped Landau levels. The first five peaks with
frequency larger than ω = 1.5/lB come from the tran-
sition between En,+ and En±1,0 bands, or En±1,0 and
En,−. For instance, the peak near ω = 1.6/lB corre-
sponds to E2,+ ↔ E3,0 and E3,0 ↔ E2,−. The last peak
comes from E1,+ ↔ E2,− and E2,+ ↔ E1,−. For higher
frequencies which are not shown in Fig. 3(a), there will
be transitions between En,− and En±1,+ bands, as ex-
pected.
The main differences in the low temperature regime
are the strong chemical potential dependent behavior and
the existence of the E0,0 ↔ E1,± and E2,0 ↔ E1± peaks.
These peaks exist because of the strong influence from
the Fermi-Dirac distribution at low temperature. In this
case, the resonant peaks raise from the energy difference
between allowed Landau levels near pz = 0. In the pz = 0
limit, our results differ from the Hg1−x CdxTe only by
a Zeeman term [13]. In Fig. 3(c) and (d), we choose
T = 0.0015/lB (B ∼ 10T , T ∼ 1K), and µ = 0.01/lB
and 0.2/lB respectively. The resonance amplitude be-
comes stronger when the chemical potential µ gets closer
to the transition Landau levels, and vice versa, such as
the two peaks near ω = 0.1/lB. For a larger chemical
potential, the resonant peaks will split, and the splitting
is proportional to the difference between the maximums
of En−1,0 and En+1,0, roughly, the band width of the
gapless modes. The peak splitting due to increasing the
chemical potential at low temperature is another signif-
icant evidence for the existence of the gapless Landau
levels instead of the exact flat Landau level bands.
Furthermore, from the numerical results (see Fig. 4),
the resonant peak frequency ω of photon-like fermion
modes is linearly dependent on the square root of ex-
ternal magnetic field B at zero chemical potential. In
the case of Weyl fermion, this behavior is exactly related
to the linear band structure of the Weyl fermion [10–12],
while this may not be precise for photon-like fermion.
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FIG. 4: (color online) The linear behavior between the res-
onant peak ω and the square root of the external magnetic
field
√
B for µ = 0 for a photon-like fermion. (a) The peaks
between En,0 and En+1,0 bands. (b) The peaks between En,+
and En+1,+ bands. (c) The peaks between En,0 and En+1,+
bands. (d) The peaks between En,+ and En+1,0 bands.
The reason is that, for Weyl fermion, the gapped Lan-
dau levels are symmetric with respect to the pz = 0 axis
and hence the resonant transition occurs at pz = 0. The
resonant frequency of Weyl fermion is proportional to the
energy difference between two adjacent Landau levels at
pz = 0, namely
√
B. This argument is not completely
correct for photon-like fermion because the gapped Lan-
dau levels are slightly asymmetric to the pz = 0 axis (see
Fig. 1). Therefore the resonant transition does not occur
exactly at pz = 0, but some other pz that extremizes the
energy difference between the Landau levels allowed by
the selection rules. This indicates that the linear depen-
dence of
√
B on the energy difference of Landau levels
at pz = 0 is not rigorously related to the linear band
structure of the photon-like fermion.
B. photon-like fermion gas
In the Appendix B, we generalize the fermion doubling
theorem [32] to the photon-like fermion gas, i.e., in a lat-
tice model, the photon-like fermion nodes with opposite
chirality emerge in pairs. All of the photon-like fermion
pairs will contribute to the magneto-optical conductance.
Notice that the Hamiltonian HB(pz) has a quasi one-
dimensional particle-hole symmetry. Namely, if we keep
the two-dimensional Landau level structure unchanged,
CHB(pz)C
† = −HB(−pz), (8)
where
C =

 1 0 00 −1 0
0 0 1

 . (9)
5Because of this symmetry, the eigen wave function Ψsn =
(asn, b
s
n, c
s
n)
T of Hamiltonian HB in (1) pocesses the fol-
lowing property: If
HB(pz)(a
s
n, b
s
n, c
s
n)
T = Esn(pz)(a
s
n, b
s
n, c
s
n)
T , (10)
then,
−HB(−pz)(asn,−bsn, csn)T = Esn(pz)(asn,−bsn, csn)T ,
Esn(pz) = −E−sn (−pz), (11)
where s is the band index. For later convenience, we
denote Hamiltonian HL near one photon-like fermion
node as HL = HB, then the Hamiltonian H
R of the
other photon-like fermion with opposite chirality reads:
HR = −HL, we have
EsLn (pz) = −E−sRn (pz), (12)
ΨsLn (pz) = Ψ
−sR
n (pz). (13)
Thus
σRαβ = σ
L
αβ , (14)
where Ψ˜ns = (a
s
n,−bsn, csn) (see Appendix A for more de-
tails). Notice that we have used the fact that 〈ψ˜|Jα|ψ˜〉 =
〈ψ|Jα|ψ〉, then σRαβ(ω) is the same as σLαβ(ω). Thus,
the magneto-optical conductance of a pair of photon-like
fermion nodes is the double of that of a single photon-
like fermion node. This result then can be applied to the
whole lattice system. The total magneto-optical conduc-
tance of a photon-like fermion gas is a simple summation
of that from the contribution of each photon-like fermion
node.
III. MAGNETO-OPTICAL CONDUCTANCE OF
KANE FERMION
A. Results for Kane Fermion
We study the magneto-optical conductance of the
gapless Kane fermion, which is the spinful photon-like
fermion, similar to Weyl fermion versus gapless Dirac
fermion [13]. The effective Hamiltonian of a Kane
fermion under an external magnetic field reads,
HK =
(
HB(pz) δ
δ∗ −HB(pz)
)
. (15)
δ is the mass matrix of Kane fermion. In the massless
case, the effective Hamiltonian HK reduces to
HK = H↑ ⊕H↓, (16)
with
H↑ = HB , H↓ = −HB. (17)
The current operator Ji becomes,
Ji =
∂HK
∂pi
= J↑i ⊕ J↓i , (18)
where
J↑i = ji, J
↓
i = −ji. (19)
One can easily check,
CHB↑,↓(pz)C
† = −HB↑,↓(−pz) = HB↓,↑(−pz), (20)
This means that the Hamiltonian HK is of a symmetry
of the quasi-one dimensional particle-hole.
The magneto-optical conductance reads,
σKαβ(ω) =
−i
2πl2B
∑
n,n′,s,s′
∫
dkz
2π
{f(E
s↑
n )− f(Es
′↑
n′ )
Es↑n − Es′↑n′
〈Ψ↑ns|J↑α|Ψ↑n′s′〉〈Ψ↑ns|J↑β |Ψ↑n′s′〉
ω + Es↑n − Es′↑n′ + i0+
+
f(Es↓n )− f(Es
′↓
n′ )
Es↓n − Es′↓n′
〈Ψ↓ns|J↓α|Ψ↓n′s′〉〈Ψ↓ns|J↓β |Ψ↓n′s′〉
ω + Es↓n − Es′↓n′ + i0+
}
= σ↑ + σ↓ = 2σ↑. (21)
Because of the quasi one-dimensional particle-hole
symmetry of HK(pz), the magneto-optical conductance
(21) of a Kane node is the double of that of a photon-like
fermion node (5).
B. Comparing with experiments
The magneto-optical conductance of the Kane fermion
was calculated in the literature [28, 29]. However, the low
frequency responses of the magneto-optics were ignored
in previous calculations. Experimentally, the effective
Kane model of Cd3As2 is not valid down to arbitrarily
low energies [14].
For another candidate, Hg1−xCdxTe, the magneto-
optical absorbance was also measured. We adapt Fig.
3 in [13] (see Fig. 5(a)) in order to compare with
our study. These data can be reasonably explained
by our numerical calculation, especially those low fre-
quency peaks (see Fig. 5(b)). Take the ω=85meV,
130meV, 190meV and 210meV peaks at B = 16T
in Fig. 5(a) as examples. The experimental mag-
netic length is lB(B = 16T ) = 6.4 × 10−9m. Simi-
larly, in Fig. 5(b), we have three peaks around ω =
0.94~vF/lB, 1.61~vF/lB, 2.06~vF/lB and 2.17~vF/lB.
There is only one tunable parameter, namely, the Fermi
velocity. We can determine the Fermi velocity vF =
0.880 ∗ 106m/s by identify the ω = 0.94~vF/lB peak
with the 85mev peak of the experimental data, then
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FIG. 5: (color online) (a) Landau levels (for pz = 0) and
experimentally measured absorbance as a function of photon
energy at a temperature of 1.8 K with B = 16T and 28T
respectively in Hg1−xCdxTe. (Adapted from Fig. 3 in Ref.
[13].) (b) is the same as in Fig. 3(d) for comparison with (a).
the other three peaks in Fig. 5(b) correspond to
146mev, 188meV and 198meV. There are other two peaks
at 0.52~vF/lB=47meV and 1.11~vF/lB=100meV which
may correspond to the bumps in Fig. 5(a) around 55meV
and 98meV. These bumps are not explained in Ref. [13].
The two peaks near zero frequency corresponds to 3meV
and 7meV where the corresponding peaks in 5(a) were
explained as phonon contribution [13]. In other words,
these peaks near zero frequency can be explained with-
out involving external phonons. To sum, our results are
in agreement with the experimental data qualitatively,
and we can also provide reasonable explanations for the
peaks that were not explained in Ref. [13].
C. Disorder effect
The low energy gapless chiral modes are stable against
non-magnetic weak disorders. For simplicity, we assume
the disorder does not mix the states in different Landau
levels, and only consider the zero mean random Gaussian
scalar disorder A(z) with correlation reads [33, 34],
〈A(z)A(z′)〉 = ∆D
lm
δ(z − z′), (22)
where ∆D is the dimensionless disorder strength, and lm
is the mean free path. We also do not consider the rare
region effects for simplicity[35]. Consider the effective
Hamiltonian in the small pz limit near a node. For n = 0
or a given n > 1,
H = Hlow +H
′, (23)
with Hlow = vF ~pzσz for the 0th Landau level and
Hlow = −
√
2n− 1~vF pzσz (see, Eq. (3)) being the effec-
tive Hamiltonian for the nth gapless Landau excitation,
and
H ′ = vD
∫
d2xΨ†(x)A(x)Ψ(x). (24)
To consider the disorder effects, we derive the renormal-
ization group flow equation by averaging over the dis-
order potential through the replica method [36]. After
integrating the disorder field A(x), the effective action
reads,
S =
∑
α
∫
dωdpz
(2π)4
Ψ†α(iω, pz)[iω −Hlow]Ψα(iω, pz)
+
∆
2lm
∫
dω1dω2dpz1dpz2dpz3
(2π)5
Ψ†α(iω1, pz1)Ψα(iω1, pz2)
Ψ†β(iω2, pz3)Ψβ(iω2, pz1 + pz2 + pz3), (25)
with ∆ = ∆Dv
2
D. We integrate over the momentum
shell of the fast moving field to calculate the one-loop
diagrams of self energy and the vertex correction.
(1) For the leading order of loop correction of self en-
ergy, we calculate the loop diagram in Fig. 6(a).
Σdis(iω) =
∆
lm
∫ Λ
Λe−l
dpz
2π
TrG0(iω, pz)
=
∆
lm
∫ Λ
Λe−l
dpz
2π
(− 2iω
pz2 + ω2
)
=
∆
πlm
(− iΛlω
Λ2 + ω2
), (26)
where G0 =
1
iω−Hlow
being the free Green’s function,
and Λ being the cut-off, which is of the order of the
inverse of the lattice constant.
(2) Leading order of vertex correction of Fig. 6(b),
δ∆dis =
∆2
lm
∫
dpz
2π
TrG0(pz)
2
=
∆2
lm
∫
dpz
2π
(
2
(
p2z − ω2
)
(pz2 + ω2)
2 )
=
∆2
πlm
(
Λl
(
Λ2 − ω2)
(Λ2 + ω2)2
). (27)
7FIG. 6: (color online) The sketch of Feynman diagrams
of one-loop corrections to self energy (a) and the disorder
strength (b,c,d).
The vertex contributions of Fig. 6(c) and 6(d) cancel
each other.
To sum, as long as the mean free path lm is large
enough, in the Λ→∞ limit, the RG equations are
dvF
dl
= 0,
d∆
dl
= 0. (28)
This shows that the disorder is an irrelevant perturba-
tion to the low energy Landau level structure of the Kane
fermion. Notice that for the free Kane fermion without
magnetic field, the weak disorder is a relevant perturba-
tion and drives the system into a diffusive state controlled
by disorder, similar to the case of Weyl fermion [33, 37].
The existence of the magnetic field suppresses the influ-
ence of disorder.
IV. QUADRATIC CORRECTION
We may read out more informations from the E0n bands
by adding a quadratic term
p2i
2m∗ in the Hamiltonian HB,
wherem∗ is the effective band mass. This quadratic term
will break the quasi one-dimensional particle-hole sym-
metry of H0 and lift the degeneracy at pz = 0 of E
0
n
Landau levels. The Hamiltonian HQ under a constant
magnetic field B becomes [27],
HQB = HB(pz) +
1
2m∗
(p2z + 2Ba
†a+B), (29)
where HB(pz) is the Hamiltonian (1).
For a given eigen wave function of HB , for instance,
Ψ(n),
HQB(pz)Ψ(n) = [HB(pz − ωc) + p
2
z
2m∗
+ ωc(n+
1
2
)]Ψ(n),
(30)
with ωc = B/m
∗. This relation shows that, the quadratic
correction does not change the eigen wave functions and
-10 -5 0 5 10
-4
-2
0
2
4
qz
E
FIG. 7: (color online) A sketch diagram of Landau Level
structure for the photon-like fermion with quadratic correc-
tions (29) where lB = 1 and m
∗ = 0.02/lB . The meaning of
the colored curves is similar to that in Fig.1. The absorptions
in the conductance are plotted in Fig. 8.
the eigen energy satisfies
EQB(pz , n, s) = EB(pz − ωc, n, s) + p
2
z
2m∗
+ ωc(n+
1
2
),
(31)
where n is the Landau level index, and s = 0,± labels
the bands within the nth Landau level. An example of
the quadratic correction to the Landau level spectrum is
shown in Fig. 7.
Furthermore, because of the quadratic correction, the
currents jQα =
∂HQ
B
∂pα
become
jQx = jx +
1
m∗
√
B
2
(a+ a†), (32)
jQy = jy −
i
m∗
√
B
2
(a− a†). (33)
Therefore the selection rules remain unchanged, namely,
n → n ± 1. From the spectrum relation (31) and the
unchanged selection rules, the resonant peaks will split
to ω → ω ± ωc.
We plot the magneto-optical conductance with
quadratic correction to the spectrum in Fig. 8. We see
that the mass term flattens the extrema of Landau lev-
els, the absorption strength becomes stronger because
the resonant frequency is determined by the difference
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FIG. 8: (color online) (a) and (b) are the real part of σxx and
the imaginary part of σxy with quadratic corrected photon-
like fermion. The masses are 1/m = 0, 1/m = 0.005lB , and
1/m = 0.02lB respectively. T = 0.5/lb and µ = 0.01/lB . The
peaks near zero frequency are magnificently enhanced by the
quadratic terms. Especially, the ones in (b) are tuned from
positive to negative. The other high energy peaks are also
split by the correction term.
between the extrema and the density of states becomes
larger in the presence of the mass term. For a large
enough mass m∗, the peak splitting becomes obvious.
For example, see the blue curve in Fig. 8(a). The mag-
nitude of the peak splitting is 2ωc. Furthermore, the
quadratic term lifts the infinite degeneracy at pz = 0 of
the gapless Landau levels. The peaks near the zero fre-
quency is enhanced magnificently. This fact provides a
strong evidence for the existence of the gapless Landau
levels instead of exact flat bands, which is experimentally
detectable.
V. CONCLUSIONS
We studied the magneto-optical conductance of the
photon-like fermion and the Kane fermion. The resonant
peaks show a strong dependence on chemical potential
at low temperature. Besides the ordinary resonant peaks
as in Weyl fermion, there are extra peaks stemming from
the gapless Landau levels which are absent in the Weyl
fermion case. Especially, there are peaks near zero fre-
quency coming from the transition between the gapless
Landau modes, and splitting of the peaks stemming from
the transition between the gapless Landau levels and or-
dinary gapped ones, both of which show strong evidences
for the existence of gapless modes instead of flat bands.
We show that the low energy gapless Landau levels in
the Kane fermion are stable to weak disorders. We also
considered the effects of quadratic correction. These phe-
nomena would be experimentally detected in photon-like
fermion material candidates. Applying our calculation
to the Kane fermion, we gave the magneto-optical ab-
sorbance measurements for Hg1−xCdxTe in low frequen-
cies a reasonable explanation.
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Appendix A: Proof of Eq. (14)
Using the properties Eq. (12) and (13), the magneto-
optical conductance σRαβ can be rewritten as
σRαβ =
∫ ∞
−∞
dkz
2π
f(EsRn (kz))− f(Es
′R
n′ (kz))
EsRn (kz)− Es′Rn′ (kz)
〈ΨRns(kz)|JRα |ΨRn′s′(kz)〉〈ΨRns(kz)|JRβ |ΨRn′s′(kz)〉
ω + ERns(kz)− ERn′s′(kz) + i0+
,
= −
∫
d(−kz)
2π
f(EsRn (kz))− f(Es
′R
n′ (kz))
EsRn (kz)− Es′Rn′ (kz)
〈ΨRns(kz)|JRα |ΨRn′s′(kz)〉〈ΨRns(kz)|JRβ |ΨRn′s′(kz)〉
ω + ERns(kz)− ERn′s′(kz) + i0+
= −
∫ −∞
∞
dpz
2π
f(EsRn (−pz))− f(Es
′R
n′ (−pz))
EsRn (−pz)− Es′Rn′ (−pz)
〈ΨRns(−pz)|JRα |ΨRn′s′(−pz)〉〈ΨRns(−pz)|JRβ |ΨRn′s′(−pz)〉
ω + ERns(−pz)− ERn′s′(−pz) + i0+
= −
∫
dpz
2π
f(−E−sRn (pz))− f(−E−s
′R
n′ (pz))
−E−sRn (pz) + E−s′Rn′ (pz)
〈ΨRns(−pz)|JRα |ΨRn′s′(−pz)〉〈ΨRns(−pz)|JRβ |ΨRn′s′(−pz)〉
ω − ERn−s(pz) + ERn′−s′(pz) + i0+
= −
∫ −∞
∞
dpz
2π
f(EsLn (pz))− f(Es
′L
n′ (pz))
EsLn (pz)− Es′Ln′ (pz)
〈Ψ˜Lns(pz)|JLα |Ψ˜Ln′s′(pz)〉〈Ψ˜Lns(pz)|JLβ |Ψ˜Ln′s′(pz)〉
ω + ELns(pz)− ELn′s′(pz) + i0+
=
∫ ∞
−∞
dpz
2π
f(EsLn (pz))− f(Es
′L
n′ (pz))
EsLn (pz)− Es′Ln′ (pz)
〈Ψ˜Lns(pz)|JLα |Ψ˜Ln′s′(pz)〉〈Ψ˜Lns(pz)|JLβ |Ψ˜Ln′s′(pz)〉
ω + ELns(pz)− ELn′s′(pz) + i0+
= σLαβ .
Appendix B: Generalization of Nielsen-Ninomiya
no-go theorem to the photon-like fermion
semimetals
In 1981, Nielsen and Ninomiya published a series of
papers proving a no-go theorem which stated the number
of Weyl points with opposite chirality should be the same
on a lattice satisfying four assumptions [32]:
(i) The Hamiltonian is local.
(ii) The lattice is translational invariant.
(iii) The Hamiltonian is Hermitian.
(iv) There is at least one quantized conserved charge
Q for the fermion field.
In the following, we generalize Nielsen-Ninomiya no-go
theorem to the photon-like fermion semimetals with an
additional assumption, namely, only photon-like fermion
points are involved in the lattice model near the Fermi
surface.
Near a photon-like fermion point, the Hamiltonian can
be expanded as,
H(3) = paV
a
i S
i +O(p2), (B1)
where (Si)jk = −iǫijk being the spin-1 representation of
the generators of the angular momentum algebra. The
photon-like fermion point is right(left) handed if detV >
0(detV < 0). Define Pi ≡ paV ai , then the spectra and
eigen wavefunctions in spherical coordinates read,
E0 = 0, ψ0 = (sin θ cosφ, sin θ sinφ, cos θ)
T ,
E+ = |P|,
ψ+ = (
− cos θ cosφ+ i sinφ√
2
,
−i cosφ− cos θ sinφ√
2
,
sin θ√
2
)T ,
E− = −|P|,
ψ− = (
− cos θ cosφ− i sinφ√
2
,
i cosφ− cos θ sinφ√
2
,
sin θ√
2
)T .
(B2)
As we discussed in our former paper on the photon-like
fermion semimetal [27], for the free Hamiltonian, the zero
energy flat band E0 generates an emergent gauge sym-
metry. The reason is that, from the equation of motion
of Hamiltonian (B1),
i∂tψj = −i∂iSijkψk. (B3)
Since Sijk is totally anti-symmetric, then, multiplying
both sides with ∂j ,
i∂t(∂jψj) = 0, (B4)
which means ∂jψj = C(xi). Notice that there is a zero
energy wave function ψ0 = ∂iΛ(xi) for the Hamiltonian
(B1), and if we choose Λ(xi) to satisfy ∂
2Λ(xi) = C(xi),
then we can consider a new state,
ψj = ψ
′
j + ∂jΛ(xi), (B5)
and,
∂jψ
′
j = 0, (B6)
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which is a constraint on the wave function ψ′j , namely,
only two of the components in ψ′j are independent.
Therefore the flat band is a redundant gauge degree of
freedom and unphysical which should be projected out,
which is similar to the unphysical longitudinal photon
[27]. Later we will also prove that the flat band wave
function is topologically trivial and will not contribute
to the topological number which is associated with the
chirality of the photon-like fermion point, namely, the
exact flat band will not affect the no-go theorem.
In a proper basis, the Taylor expansion of the N-band
lattice Hamiltonian near the photon-like fermion point
reads [32],
H
(3)
N ∼ paV ai


(i− 1) (i) (i+ 1)
0
Si11 S
i
12 S
i
13 (i − 1)
Si21 S
i
22 S
i
23 (i)
Si31 S
i
32 S
i
33 (i + 1)
0


+pa


b1 0
·
·
·
0 bN


+pa


(i− 1) (i) (i+ 1)
0 ∗ ∗ ∗ ∗
∗ 0 0 0 ∗ (i− 1)
∗ 0 0 0 ∗ (i)
∗ 0 0 0 ∗ (i+ 1)
∗ ∗ ∗ ∗ 0


+O(p2), (B7)
where (i − 1), (i), and (i + 1) label the (i − 1)-th, (i)-
th, and (i + 1)-th bands which converge at the photon-
like fermion point. To the lowest order, the eigen wave
function is determined by the first term. For instance,
the energy of the (i − 1)-th positive energy band reads
|p| with the N-dimensional wave function being,
|ω+(pi)〉 =


0
ψ1+
ψ2+
ψ3+
0


i− 1
i
i+ 1
. (B8)
Now we define a normalized function
f+(θ, φ) = |ω+(θ, φ)〉 (B9)
where the domain of f+ is on an infinitesimal sphere S
2
around the photon-like fermion point. The map f+ is an
element in the homotopy group π2(CP
N−1). The map
f+(θ, φ) restricted at the south pole θ = π reads,
f+(π, φ) = e
iφ


0
1/
√
2
−i/√2
0
0


i− 1
i
i+ 1
. (B10)
Notice that the south pole on S2 can be viewed as the
whole boundary of E2 mapping to the same point, there-
fore the class [f |S1 ] ∈ π1(s1) is the winding number which
is +1 or −1. When detV > 0, the coordinate system
near the photon-like fermion point is right-handed, then
the winding number is +1, and when detV < 0, the
coordinate system near photon-like fermion point is left-
handed and the winding number is −1. Similarly, for the
negative energy branch, when det V > 0, the winding
number is −1, and when detV < 0, the winding number
is +1. For the exact flat band, the winding number is
zero because f0(π, θ) = (0, 0, ...0, 0,−1, 0....0)T . To sum,
for the infinitesimal S2 sphere surrounding a degenerate
photon-like fermion point, the positive(negative) energy
branch with positive(negative) helicity corresponds to +1
element of π2(CP
N−1), and the positive(negative) energy
branch with negative(positive) helicity corresponds to −1
element.
Because of the periodicity of the Brillouin zone and the
additivity of the π2(CP
N−1) group, we have [32]
[fˆBS ] =
∑
i
[fˆi] = 0, (B11)
where fˆBS imbeds the Brillouin zone surface S
2 into
CPN−1, [fˆBS] denotes the corresponding element in
π2(CP
N−1), and the summation i runs over all the de-
generate points i. The Eq. (B11) means the total wind-
ing number for the degenerate points between the i-th
and (i+1)-th or (i− 1)-th bands are zero (we have omit-
ted the exact flat bands and assumed only photon-like
fermion points are involved), namely,
Nr(i, i+1)−Nr(i−1, i) = Nl(i, i+1)−Nl(i−1, i), (B12)
where Nr(i + 1, i) is the number of degenerate points
between i-th and (i + 1)-th bands with the upper i-th
having positive helicity. Notice that for the highest band,
Nr(0, 1) = Nl(0, 1) = 0, therefore we have,
Nr(i, i+ 1) = Nl(i, i+ 1). (B13)
The Eq. (B13) proves our generalization of the Nielsen-
Ninomiya no-go theorem, namely there are equal num-
ber of the left-handed photon-like fermion points and the
right-handed ones in a lattice model.
